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A35TRACT 
It  was  shown  (in  Research  Report  Ho.  I7O-3)  that  the  function 

v  ■  -  ?  /  **  +  y-  7  w  ^ 

was  associated  with  non-attenuated  modes   of  an  idealized  helical  waveguide.      The 
roots   of  the  equation. W         =  constant,  determine   the     phase  velocity  of  these  modes. 

The  function  M         was  fairly  v;ell  characterized  in  terms  of   its  parameters  o^  and  n 

for  n  =  0,   n  £     3«     In  this  note  the   function  V<"         is  studied  for  n  =  1,  ot  <     —  , 

2tn  2 

n  =  2,  °*  £  1.     It  has  been  proved  that  a  value  v  =  v..    can  he   found  such  that 

W„        ,    n  =   1,    2,   is  monotonic   increasing  for  v   >  v,  , 
2»n  *  '       )  *»  1 

This  note  is  an  addendum,    to  be  read  in  conjunction  with  Section  9  of 
the  earlier  Report  Ho.    I7O-3. 


2. 


1.  Introduction 


In  Research  Report  No.  170-3,  A  Helical  Wave  Guide  II,  by  Ralph  S.  Phillips 
and  Henry  Kalin,  information  was  obtained  concerning  the  non-attenuated  modes  that 
can  he  propagated  in  an  idealized  helical  wave  guide.  The  theory  there  developed 
left  some  exceptional  cases  to  he  examined.   The  results  that  were  obtained  came 
from  the  investigation  of  several  groups  of  functions,  including  the  following 
which  will  be  used  in  the  present  paper.  References  in  square  brackets  will  identi- 
fy these  formulas  in  the  former  paper. 
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2,n  ?V         ^2  V      nyr 


,      I'(v) 

1       n 


Xn       v     I   (v)        * 

n 


1     Kn(v) 

v   FTvT 

n 


'2,n 


-Wi*^ 


c*c 


2,n 


B-y/l  +£    + 


*n 


[H.2] 

[M.6] 


>    (1.1) 


y 


(1.2) 


(1.3) 


V  <*. 

The  following  facts  were  brought  out  in  \he   above  paper:  (i)  if 


;omc 


C*  f  V1^11-1)  (a-2)  ,  n  >  3,  W2  n  is  a  monotonic  increasing  function  Theorem  13  ; 

k/ 2 

(ii)  if  Vn(n-l)  (n-2)   <  CX  <  n,  Y    has  a  single  minimum,  and  thereafter  approaches 

c,n 

the  x-axis  from  below  [Theorem  8j  ;    (iii)  if©<<  n,   X         is  negative  and  monotc 
increasing   [Theorem  6  I  ; 

1  +   ^iT   -    \   -    T v/1  +  T  •  [Coroll^y  p.  32] 

(v)     hJ1+h    <     ^n     <     T/1+aTa=I7     '    (corollary  1.  p.    U6 ]    . 
v  n  v  "-  -i 

(vi)  W-i        is  a  positive  monotonic  decreasing  function  .     [Theorem  10  I 


>   (l.U) 


3. 

It   is   seen  that   there   is   no   information  about   the   functions  \t         for 

2,n 

n  =  -  1,  _  2,  which  will  tell  us  what  solutions  of  {k.lj    exist  for  these  values  of 
n.   In  the  former  paper  some  results  were  obtained  for  these  cases  for  special 
values  of  <x  "by  graphical  methods.  It  is  the  purpose  of  the  present  paper  to  analyze 
these  exceptional  cases  further  in  order  that  the  gaps  left  "by  the  earlier  dis- 
cussion can  he  partially  filled. 

2.  The  Function  VT 
^il 

The  function  W^  1  |Eq.  9,17  ,  p.  68| is  initially  plus  infinity  and  f or  c*  <  1 

approaches  the  v-axis  from  below.  Me   have  not  been  successful  in  showing  that 
¥  ..  has  one  and  only  one  minimum  value.   V/e  have  proved  the  following  partial 

description  of  W  -,  which  we  state  as  a  Theorem;  V  n  is  monotonic  increasing  for 
d,±  _____  _!rl  —  — —— » — — 

v  *  vi  and-  °*  -  o  v;nere  v-i  is  the  minimum  of  Y   (v,— ), 
Denoting  (fl-^v.cx)  (U.lo|  by  t^(v),  we  have 

<M  '  7  fH  •*  =  /%  ^ 

and  we  must  shov/  that 


I  '  1      Fl  '  1       xl 

r2.1  =  -<Pl/2+  2  X/y7      yl     +  2     — — "     >     °  for  v   >  V 


or  that 
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/  5 

v7    yx 


(2.2) 
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1  '  1     *1 


/ 

which  will   be  proved  if 


-<Pl/2     +     5     r  yi     +     2     "7     >     ° 


r2  (-y-[)  -  2r   (-tp^/2   )     +     (_  ^)     <     0.  (2.3) 

However,  Y~  1     >  0  for  v   >  v         That   is 


Y2,l     =  ~fl/2     +yi 

v'  *n ' 

x2,l         "  Tl/2    +    y '    >    0 


k. 


or 


-?!/ 


'l 


Again  we  knew  that  X?  ,  >  0  for  ^x<  1,  which  implies  that 


~<?1  >  -Xl 


(2.U) 


(2.5) 


Using  inequalities  (2.  U)  and  (2.5)  in  (2.3)  we  must  prove  that 
It  is  known  however  that 


(2.6) 


*i  <yi  •  xi  >(^V2  ■  yi  ^yCT   . 

The  last  inequality  follows  from  the  fact  that  ior  v  =  v..  ,c<  = 
Y    is  negative  and  is  negative  thereafter  Theorem  8,  p.  3*+  » 
Inequalities  (2.7)  imply  that 


(2.7) 
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U  /  i  +  E 
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1  +  2.1  v 


<  r  <  1 


(2.8) 


The  left  hand  side  of  the  inequality  (2.6)  is  a  quadratic  function  of  r 
with  the  first  term  positive.  If  the  inequality  is  true  for  the  extreme  values 
given  in  (2.8),  it  follows  for  all  intermediate  values.  The  minimum  value  of 


/ 


V   1  +  2.1  v2       V  2#1 


Hence  it  must  "be  shown  that 


or 


(2.9) 


(2.10) 


However, 


*:-  -  -^ 


T?/  1   *  1= 


2 


Substituting  in  (2.1.0)   the  values  forfl).    ,    (Pi/pi  w©  must  show  that 


(2.11) 


J/7T7 


(2  +  v   )     <     .91 


rl/l  +  Uv2 


(2  +  Uvd) 


(2.12) 


or  that 


2  2 

(2    +  v2)      (1  +  Uv2)      <   (,9D2     U  (1  +  2v2)      (1  +  v2) 


which  reduces  to 


0  <  -.7  +  3.U  v2  +  9.6  vU  +  9.3  v6 


(2.13) 


This  will  he  true  if 


3.^  *       >  .7 


V  > 


3 


=  .U5  . 


The  minimum  of  the  function  Y  .  (y>?-  )  occurs  for  a  value  of  v  somewhere  betv/een 

.7  and  .8  .   Since  inequality  (2.6)  is  clearly  tan©  for  r  =  1  the  theorem  is 
established. 

The  result  of  the  previous  theorem  -  in  so  far  as  the  range  of  v  is  con- 
cerned -  is  capable  of  being  extended  by  brute  force.   That  is  to  say  suppose  we  want 
the  theorem  to  hold  for  v  £  .5  .  We  know  the  theorem  is  true  for  v  >  v..  =  7»5« 
Hence  it  must  be  proved  for  .5  _  v  <  v..  •  &ow  —y--,  ls  a  positive  decreasing  func- 
tion, if  it  be  replaced  by  its  maximum  value  in  the  inequality  (2.3)  and  if  this 
inequality  is  established,  the  extension  will  be  proved.  This  has  actually  been 
done  but  the  details  will  not  be  given. 


6, 


3.  The  Function  W  0 
<-i  ■- 


It  was  thought  that  the  function  \!         is  monotone  increasing,,  at  least 

'-*'-■ 

for  a  certain  range  of  the  parameter  ck  .     Houever, 

¥2,2  =     \     -    jf    +     IT     ^     I    V     +     '    '    '  (3.1) 

for  v  sufficiently  small.   This  development  about  the  origin  shows  that  W    has  a 

■-»  ^ 

negative  slope  for  small  v  no  matter  what  value  is  assigned  to©**.   Thus  if  W 

starts  out  negative,  it  has  a  minimum  (at  least  one)  and  then  approaches  the  v-axis 
from  below. 

If  oC=  lt  and  v  =  v.  represents  the  abscissa  which  makes  Y  „  a  minimum, 

we  will  establish  the  following  Theorem:  L   is  a  monotonic  increasing  function  of 

v  for  v  >  v  and  <?(<  1. 
Satting 


v;e  must  show,  as  in  the  preceding  theorem  that 

r2  (  -  f[)  -  2r  (  -^)  +  (  -^)  <  0  (3.3) 


for  all  r  in  the  range    /  p—  <  r  <  1  (3-U) 


since  it  is  known  by  1,U 

x2  >  , 


,4   

/     2~~  /      \ 


/ 2 — 

The  minimum  of   /  2__  is  .  /  —  .   If 


\/     v2     V  3  ' 

V  1+  r 


2 


a  =  i  _  r  =  — Lz-i — — .  (3.6) 

(1  +r)(l  +  r2) 


7. 
we  see  that   since 


(1  +  r)(l  +  r2)      >     (1  *y/T)   (1  +    >/  y     ) 


2 
J =    .660    >    .  77 


(2.77) 

Using  (3. U)  we   see  that 


<      i  ~  ;,  .  (3.7) 


2v2 


P    <      (2.77)(2)(3)       '       ,   ^  v2 


1+r 


2  2  2  2 


(3.8) 


Bat 

(1  +  2Q      >    (i+f  )tt  +  t)    .  (3.9) 


thus 

U 

£2    <   \ —  (3.10) 

(6.9X1  +]r-)(l  +J-) 

and  so    • 

k 
1  -  2    j32     >     1  -     p 2~  .  (3.11) 

6.9  (1  +  §-)(l  +  Jp) 

Returning  now  to  inequality   (3«3)«  we  may  write  it  as 

(2  -  r)  r   (  -^)     >     -  0£  (3.I2) 

which  in  terms  of  /3  becomes 

(1  -p2)  (-^  )  >  -</>2  •  (3*13) 


Since 


2s2     .      ,         „„2 


(1  -l^)       >     1-20     ,     0</3<l-r<l, 
Inequality   (3*13)  will  te  true  if 

(1  -  2/32)(  -<^)2    >     (  -</£)  (3.1U) 

Employing   (3. 11)  and  differentiating  (3.2)  we  must  show  that 

1 ^ _  j      (1  +  ijl)  (1|  +  Uv2     +  vk) 


27(1  +  J-)<1  +  ~) 


is' 


>   (1  +  v2)(l*  ♦  y2  ♦  fc)  (3-15) 


or  that 

4  +  4v     +  v     +v  +  v     +     t? —     (1+  •*-) 


V"  "     27 

k 
>    U   +  TC      +      -j£     +    Uv"1      +  V^  +      jg  (3.16) 


2  v  V  ,    2  l»    .      v6 


Inequality   (3.16)   is   true  if  like   inequalities   are  true  for  the  coefficients 


of  like  powers. 


U 
For  v     we  must   show  that 


1    J-  >  1 
1    "27  >  IF 


23     1 

■— f  >  r-r    which  is  all  right. 


27 

6 
For  v   we  want 


1     2.1 
U"  "  27  >  IF 

.250  -  .07U  =  .176  >  .06 

Hence  the  theorem  is  proved. 


4.   Conclusions 

The  non-attenuated  modes  of  the  helical  wave  guide  In  "hich  uo  rure  p.t 
present   interested  are  gotten  from  the  real  solutions   of  the  equation 


<*  v2   V  *2       "    /Vn 


n=     !l,!2  (4.1) 


The  left-hand  side  of  this  equation  is  a  positive  constant^    the  right- 
hand  side  can  he  written  in  terms   of  the   functions  W,      .  W_       . 

l,n'   2,n 

n  =  1,2  (4.2) 


and 


n  =  -1,  -2  (4.3) 


= 

2,n 

<* 

= 

VM 

i. 

<x 

= 

-v 

= 

-W2.N 

n  =  1,2  (4.4) 

n  =  -1,  -2  (4.5) 

In  so  far  as  Eqs.  (U.3)  and  (4. 4)  are  concerned  the  question  of  real  solu- 
tions of  Eq.  (4.1)  is  readily  settled.  Since  W..   is  a  positive  monotonic  decreas- 

l,n 

ing  function  of  <*  t  Eq.    (U.3),    for  any  positive       ty^has  one  and  only  one  real 
solution;      Eq.    (4,4)  has  no  real  solution..     As  regards  the  remaining  two  equations 
we  shall  discuss  them  only  from  the  knowledge  gained  from  the  two  theorems  which 
have  been  established     i.e.,   W?  1      ^         are  negative  monotonic  increasing  functions 

£1,1  ,  <-%<- 

for     v>vo<<     —     ,   n  =  1;     v>  v      CX,  <  1,  n  =  2.      It  is  seen  that  equation  (4.2) 

has  no  solution  for  n  =  1,2  which  is  greater  than  v. .      Finally  Eq..   (4.5)  has   one 
and  only  one  solution  greater  than  v..    (n  =  1)  and  one  and  only  one  solution  greater 
than  v     (n  =  2)  providing    0/o(  is  not  greater  than     -W     .  (v.)  or  -\\     ?(vp)«      In 

conclusion  the  authors  "believe,   although  they  cannot  prove,   that   the  functions 

W„       (n=  1,2)  have  single  minima  and  thereafter  increase  for  crt  <  1,  o<  <  2, 
d,n 
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